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ABSTRACT: The shape distribution functions P(S,,S,) for the principal components of the gyration tensors
for Gaussian molecules in 2-dimensional space have been numerically evaluated for both circular and linear
chains. It is found that the most probable configurations are quite compact in comparison with the mean
squared dimensions. Fluctuations away from the most probable configurations are achieved primarily by
extension in one direction only, rather than by a uniform inflation. The theory for disks is given, and these
distribution functions are also evaluated. Although disks are improbable when compared with all ellipsoids,
their distributions may be formulated on appropriate subspaces. They complete the description of two-

dimensional configurations.

Introduction

The distribution of configurations for polymer molecules
is of primary importance in the theory of solution ther-
modynamics and can have a general influence on our
perception of the shape of randomly coiling molecules.
Investigations'™ of distribution functions of the squared
radii of gyration have yielded much information on the size
of molecules. However, the analysis of the distributions
of the principal components of the radii of gyration of
molecules has encountered considerable difficulties. Monte
Carlo methods provide reasonable estimates of the general
features of distributions for various models*” of linear
chains, but this method soon becomes intractable if the
molecular connectivity is more complicated than that for
a linear chain.

Recently, we have formulated a general solution® to the
shape distribution problem for Gaussian molecules of ar-
bitrary connectivity with use of the theory of multivariate
statistics. The method is more direct than the earlier
treatment,» and it is adaptable to various structures
through specification of a Kirchhoff matrix that describes
molecular connectivity. It is hoped that the lessons we
learn from solving the equations for linear and circular
chains will eventually apply to the theory of rubber elas-
ticity,!'"!® besides being of interest in their own right.

In this contribution, all configurations of interest are in
2-dimensional space. We first numerically evaluate the
distribution functions for both circular and linear chains.
Then the theory for disks is discussed, and their distri-
butions are computed.

Circular Chain (Elliptical Configurations)

When an appropriate change of variables is made, the
shape distribution® for the two-dimensional circular chain
with an odd number n of beads may be written as

n-1)/2
P85, = —Zs( é/ Y. BB, (x; - xz) exp[-(x; -

- ; o %2 2)1/2
Kk)§2/2]‘£2(3152)/dx sinb [(1/2();:*. :Z;fi r 1)
where the variables 32, A, «;, and B; are defined by

#2=5+85,
A=5,-§,
K; = n?\;

Bj = Kj/ H(l - Kj/Km)

The reduced variables S, = 'yS /n, with v = 1/(i%),, are
introduced so that P (Sl,Sz) dS; dS, converges to P.(S;,S,)

dS; dS; as n — «. The A; are the elgenvalues of the
Kirchhoff-Rouse~Zimm matrlx 4 and (I?), is the mean-
square segment length.

The probability distribution Ps(S;,S,) evaluated by the
subroutine DCADRE'" is shown in Figure 1. In the figure,
P5(SI,SZ) is plotted against 8, and S, with the same grid
size for both abscissae (0.005 for this case). As required
by eq 1, P,(5;,S,) should have null probablhty for §; < §,.
This feature is apparent on close inspection, in spite of the
fact that the graphics software has drawn the grids une-
qually. The probability that the molecule is a disk, with
S; = 8y, is zero when measured in the space of all elliptical
configurations. A nontrivial probability for disks is only
obtainable upon constraining the configurations, as will
be seen later. For this short chain, the most probable
configuration (denoted by a prefixed asterisk) is a highly
anisometric rodlike shape, with *S, ~ 0.030 and *S, ~
0.005. Forn =49 (Flgure 2a), the ellipse with *S; ~ 0.033
and *S, ~ 0.015 is most probable The most probable
squared radius of gyration *3 = *§, + *S, ~ 0.048 is a
mere 58% of the mean squared dimension (s%), (}/; =~
0.083), with the components being 40% and 18% of (s2),,
respectively. The location of the extremum in relation to
(s%), is more apparent in Figure 2b, which is the same
surface as Figure 2a but viewed from a different angle. The
most striking feature of these distributions is their long
tails as S; becomes large. Although the molecules are likely
to be quite compact, the fluctuations that occur are highly
asymmetric. They are apt to have a breadth near S, ~
0.015 (the ridge seen in Figure 2b) and to expand and
contract primarily along the larger principal component
axis. This axis is not oriented on the plane but has a
random direction if the molecules are free of additional
constraints.

The shape distribution of two-dimensional rings has
been addressed previously by Solc and Gobush 10 Their
results, depicted as asymmetry distributions,'® cannot be
compared directly with these calculations. Instead, com-
parisons can be made for ratios of the asymmetry distri-
bution with our presentation. Good agreement with the
Solc and Gobush calculations has been found for both n
= 5and n = 49.

The asymptotic distribution for linear chains has been
given,® but that for rings has not. To obtain the distri-
bution for large values of S; one requires an estimate of
the integral in eq 1, which may be accomplished by series
expansion of the hyperbohc sine function with term-by-
term integration, to give the integral, called I(32,4), as

= (BA)2H1 n ) [2(5132)1/2/A]2k+1
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Figure 1. The shape distribution function Py(S;,S;) for the
circular chain with 5 beads. The reduced principal components
of the gyration tensor S; are defined by S;/n(I2),, where (1), is
the unperturbed dimension of a segment.

Figure 2. (a) The distribution function for circular chains with
n = 49. (b) Another view of Figure 2a. The heavy line depicts
the mean squared radius of gyration (§2) = 1/, for the circular
chain,

If the most probable configurations for large §* are highly
asymmetric, as computations aver, then (S,S;)/2/A is a
small quantity and the first term in the inner sum of eq
2 gives the asymptotic value of the integral. Thus, we have

I(32,3) ~ 2(8,8,)¥/2A! sinh (BA)

and
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P.(8,,8,) d§, dslz ~ . _ L
-(Ap - >\1)BIB2(SIS2)1/2 exp[~(\;S; + A.Sy)] dS; dS; (3)

which differs from the linear chain result (eq 29 of ref 8)
in the important respect that (S;S,)"/2 (ring) stands in place
of |S; - S;7YY/2 (linear).

The most probable of the highly extended configurations
of the linear chain are those with S, — 0. However, for
circular chains the most probable value for S; when S, is
a fixed large number is 1/2k,, or Sy/n{i?); = S, ~ 1/327*
for large n. The circular chain is constrained by its to-
pology to have a greater breadth than the linear chain in
the asymptotic region. It is again gratifying to see that
the Gaussian model bears some resemblance to reality.

Linear Chain (Elliptical Configurations)

For the purposes of calculation it is convenient to write
P,(S,,S,) in the form®

P.(5,,8) = (A/m)-ix| j; “x Jo(Ax) dx. X
® exp(i§?x,) dx
f = ER 4)
- I_Il(x+ + x. = Ik Y2y — % — iky) Y2

Here |-ik| = [1(=ik,), and Jo(Ax_) is the Bessel function
of the first kind of order zero. There are n — 1 pairs of
branch points in the second integral at

m=1,2,.,n-1)
One may choose to connect each pair of these points with

a horizontal branch cut and replace the above integral by
the sum of integrals along the cuts. That is

Xy = 2x_+ ik,

® exp(i§2x,) dx,

o (s + 20— ik) 2004 = 22 = ikp) /2
m

exp(i5%x,) dx,

T, + % — ik, )V 2%(xy — x_ - iKy) /2
m

n-1
2
j=1 cutj

Letting x, = ix; + t, we immediately have

Pn(ShSZ) = %l—ixlj;mx_Jo(Ax_) dx. X
> exp(—§%;) exp(i§%) dt /(t? ~ x 2)1/?
f J Il,[t + x_ + ik = k)12t - xo + ik — k) ]2
mj
(5)

The complex ¢ plane is mapped onto the w plane while
opening the cut on the real axis by the transformation'®
t = (x_/2)(w + w). The transformation is forced to be
single valued by opting to map the part of the ¢ plane that
is off the cut on the real axis to the outside of the unit disk
on the w plane. Thus, one has

dt /(2 — x V2 = 2dw /w

The contour around the cut now encloses a single pole
at w = 0 and hence may be shrunk to the circumference
of the unit disk in the w plane. That is, w = ¢ and dw
= {w d6; take the positive sign in the denominator to get

P(58,,S) = GA/7) %
ik [ %y (A ) (TH (0 d9 6)
| uc|j; x_Jo(Ax_) dx_;exp( 3 xj)j; (32,

where H;(3%,x_,6) is defined as
H;(3%x_8) = exp(i§%x_ cos 6) /{ I [x_(cos 6 + 1) + i(k; -
m#j

k) 11/%[x_(cos 8 = 1) + i(k; = k,)1V3 (7)
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This may be further reduced to
I 2A(-1)1+(n/2) - i x
P(8,8) = ——— _j'; xJo(Ax) dx. "do x
n-1
? exp(_"j§2)(Frﬁ:lg)Hj(g2;x-r6) (8)

where the real part is taken for even n and the imaginary
part for odd n, and [n/2] is the integer part of n/2.

In the numerical evaluation of eq 8, care must be taken
with the standard computer software to ensure that the
branch cut of the square root functions are handled
properly. It is first of all imperative that the roots be
computed before the product to avoid an uncontrolled
passage over a cut. To ensure that the code is working
properly, it is useful to plot the computed value of the
integrand of eq 4 on the x, complex plane. We have done
this (not shown) to convince ourselves that the code is
correct.

The evaluation of eq 8 by a double integral subroutine
proved to be inefficient. The alternative is to first integrate
over 0 at appropriate grid points (3%, x_). The resulting
integrand was then interpolated with use of the Lagrangian
five-point formula'” to accomplish_the second integral.

The probability distributions P,(S;,S;) forn =5 and n
= 49 are displayed in Figures 3 and 4. These have the
same general characteristics as those found for the circular
chain with some important difference in detail. For ex-
ample, both the linear and circular chains are highly
asymmetric in the extended region, but the linear chain
has a higher probability for extended configurations than
does the circular, as stands to reason. Furthermore, the
most probable configuration is larger than that for the
circular chain, but in relation to the mean-squared radii
of gyration it is smaller. For n = 49, *S, and *S, are found
to be 0.048 and 0.018, with *352 being only 40% of the mean
square radius of gyration, (s?), = !/,. Calculations made
for a longer chain (n = 99) verify that n = 49 is essentially
at the asymptotic limit, at least within the numerical
precision of these results. The most probable configura-
tions for both circular and linear chains of various lengths
are tabulated in Table 1.

The validity of the above calculations was further
checked by integrating P,(S;,S;) over A to give P,(5?)
through the equation

P = (/2 f "P(8,,3,) dA ©)

This result is then compared with that calculated directly'®
from P,(5?)

@ - -.2
P,(3) = (1/27) —n_lexwﬁs )
= 1 (1 +i8/xn)

m=1

dg (10

The comparison is made in Figure 5 for n = 49. The two
curves are indistinguishable except at large 5% In this
region, J(Ax_) oscillates very rapidly, and a grid size for
x_ that varies inversely as A would be required to inter-
polate the integrand with uniform precision. This was not
done for the calculations that are reported in Figure 4. It
will be noted that the discrepancy in Figure 5 occurs for
larger values of 3 than are depicted in the truncated Figure
4,

Symmetric Configurations

The previous treatment of ellipsoids of revolutions® that
was produced by the second named author of this paper
is in error, and we would like to take this opportunity to
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Figure 3. The distribution function for the elliptical configu-
rations of the linear chain with 5 beads.

Figure 4. (a) The distribution function for linear chains of n =
49 beads. Otherwise the same as Figure 3. (b) Another view of
Figure 4a. The heavy curve locates the mean squared radius of
gyration, (3%) =1/,

Table I
Most Probable Configurations (Ellipses)
n grid size *S, *S, probability
Circular
5 0.005 0.030 0.005 372.75
49 0.003 0.033 0.015 499.80
Linear
5 0.003 0.045 0.006 258.04
49 0.003 0.048 0.018 306.13
99 0.003 0.048 0.018 305.06
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Figure 5. The distribution of the squared radius of gyration &>
for a linear chain with p = 49. The dashed curve results from
integrating P(S,,S,) dS; dS; along contours of constant 5. The
solid curve is calculated directly from eq 10.

correct the mistake for the general case before applying
the result to the probability distribution for disks. We
begin with eq 24 of ref 8, which, with a minor change of
notation, gives the metric on the k(n — 1) dimensional
normal mode space Q, = haV as

k
d&? = Y do, 2+ 22 [(0, — 05)%00,4° +
a=1 a<p

k n~k-1
(0, + 0502800671 + Lol L buy,f (11)
a=1 Jj=1

Now, if the class of configurations of interest has some
symmetry so that two or more of the ¢, are equal to one
another, some of the 86,4 will not appear in d¢% This has
been the source of confusion that motivated the incorrect
formulation of the problem.

There is nothing wrong with eq 11 for symmetric con-
figurations. The matrices 66 and 8¢ are two copies of the
components of the metric on SO(k). When transforming
back to the components of V ~ SO(k) X SO(n - 1)/
SO(k) X SO{n -k -1) and h ~ SO(k), one need only note
that the missing 6,5 correspond to the subgroup of SO(k)
that commutes with the diagonal and degenerate matrix
o.

An illustration may be in order. An arbitrary configu-
ration of four points in three space has 4 X 3 = 12 degrees
of freedom: three of these are translational (hence de-
leted), leaving nine in the normal coordinates Q, = hoV.
There are three variables in h ~ SO(8), three in ¢, and
three in V ~ SO(3). Now suppose that the configuration
becomes a regular tetrahedron, so that o is a multiple of
the unit matrix. Then h and V both commute with ¢, and
Qo — o hV = hVs. But h ~ SO(3) and V ~ SO(3), so
that hV ~ SO(3) by the fundamental property of groups.
We are left with only four degrees of fredom: the one
unique component of ¢ (proportional to the edge length
of the regular tetrahedron) and the three components of
¢ ~ hV (corresponding to rigid-body rotations). It is of
some interest here that the rigid-body rotations contained
in the elements of h and the pseudorotations contained
in V are indistinguishable from one another in this case.

On inspection of the general case, it is found that one
may make an arbitrary decision as to the identity of the
components of the rotation matrices that are absent when
o has m equal components. It is convenient to keep the

Shape Distributions for Circular and Linear Chains 841

components of V intact and to let those of 2 disappear.
The polar decomposition Q, = haV then consists of h ~
SO(k)/SO(m), ¢ ~ W™ and V ~ SO(n - 1)/SO(n -
k —1). The count of variables is b = (k —m)(k + m - 1)/2,
o=k-m+1,V=Fkin-1)-k(k +1)/2, total = k(n -
1)~ (m+ 2)(m-1)/2.

At this stage the secure procedure is to formulate the
distribution function problem in Eckart coordinates, use
the 6 function to ensure VV’ = 1,, and make an appro-
priate change of variables to obtain an equation having a
structure similar to eq 4. For present purposes we shall
do this for disks, i.e., for ¢ = (nS)¥/21,, with the squared
radius of gyration s? = 28.

Equation 11 gives

2 n-3
dt? = (n/28)(dS)? + 8nSd¢y? + NS 2 bvy,;?
a=1 j=1
and the corresponding volume element is
dQ, = (const)n™ 25" 3 dS dV 12)

Since we have not yet been able to normalize the distri-
bution function by direct integration, the “const” in eq 12
will be absorbed into the overall normalization.

The probability distribution for disks is now given by
P(S) dS =

Cy 1873 dS etr (-ynSVAV’) dV

S0(n-1)/80(n-3)

where

C, = j(') “sr8 4

To remove the restriction on V, insert § functions to obtain

P(S) dS = (27)%C, 1878 dS j; dk fR etr (k -

2(n-1)
ikVV’) etr (—ynSVA V") dV = (27)73C,718%2 dS x
S dk etr (K)ynS1; @ Ao + ik @142

j;O(n—l)/SO(n—S) etr (-ynSVA,V’) dV

Here

_ ky o (1/2)ky
k= {a/2k, ko

and dk = dk;; dky; dk;e. The volume element dk in the
polar coordinates

p= | o8 6 sinfi|k O flcosd -sind
T |-sind cos |10 ky ] |sin 8 cos 6

is dk = 2|k, — ky| dk; dky d9. The integral on 8 is trivial,
leaving

P(S) dS = (2#%)1C, 18" dS f “dk, X

K expli(k; + ko)]|ky — ko
.[ dks 2 n-l

11 T (vnsn,, + ik,)12

a=1 m=1

Now define S = ¥S/n, k, = §x,, and «,, = n2\,, as before,
so that

P,(8) dS = )
. a 2 expli(x; + x5)S]|x; — x
08 a8 [Tan, [ ar, DT IIINTHL
) Hl 11 (x,, + ix,)V/2
a=1 m=1

This will be recognized as equivalent to eq 4 with the
argument of the Bessel function set to zero and with the
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Figure 6. The size distribution function P(S) for disk configu-
rations. Curves to the left are for circular chains and those on
the right are for linear chains. Symbols: dash, n = 29; solid n
= 49; point, n = 71 (the solid curve and points are indistin-
guishable at this resolution).

appropriate modification of |S'_1 - §,| dS; dS, for the de-
generate case that S; = S, = S.

Numerical Evaluation for Disk Configurations

To make eq 13 more amenable to computation, let x,
= x; + Xy, X_ = x; — X9, and C = Cy|«| to obtain

P.(3) d§ = 22C-inS 8 x.dx. X

= exp(ix.S)x, dx
f — plix o)X, dXy (14)
=TT (e + 22 = 12) V224 — x_ = i2,,)Y/2

m=1

For circular chains with an odd number of bonds the
residue theorem may be used to reduce eq 14 to

P(5)dS =
exp(- ZSK

11_f, 2 A -
(2m)C Vi SdSZ i ~Km)f [Fi(x) - Fj(-x)]
mzj
(15)
Here Fj(x) and |~i«| are defined by
exp(ixS)
Fix) = (-1)/2
I [x+ ik k)]
m#}
(n-1)/2
[~ik} = 11 (—ik,y)

The integral could be expressed as an exponential integral,
but we prefer a different reduction. Since Fj(-x) =
(-DH-D/2-1F (x), eq 15 becomes

P,(8) dS = 4xC(-1)llm 14§ dSsz X

exp(-25k;) f Reel)Fi(x) (16)

This was evaluated by Romberg’s extrapolation me-
thod!® with the integrand at the upper limit being no more
than 0.1% of the extremum. The size distributions P,(S)
for circular chains with n = 29, 49, and 71 are illustrated
in Figure 6. The weak chain length dependence of P,(S)
indicates that for our purposes the distributions for these
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Table I1
Most Probable Configurations (Disks)
n grid size +§ probability ce (S)
Circular

29 0.0005 0.0205 43.64 537.84 0.0275

49 0.0005 0.0205 44,13 549.90  0.0276

71 0.0005 0.0205 44.20 553.42 0.0275
: Linear

49 0.0015 0.0255 29.95 206.10 0.0376

71 0.0015 0.0255 30.11 206.42 0.0374

4Value of the normalization constant in eq 16 or 17.

n are indistinguishable from that for the asymptotic limit;
they give the most probable configuration at *S = 0.0205
and averaged dimension (S) = 0.0275. The relatively small
value of *S is interesting in comparison with the region
of the elliptical distribution that is most nearly circular.
Note that *S(disk) is close to *S2 for the elliptical con-
figuration (0.015). The S; axis is evidently compressed as
the ellipse is squeezed into a disk, while S, expands rela-
tively little. A close examination of Figure 2a indicates
that as one moves off the line S; = S,, the probability
distribution function for ellipses is_very steep in the di-
rection leading from the point *S = §, = §, up to the most
probable configuration. That is, the elliptical configura-
tions that are most nearly disks are also close to the most
probable disk. This concurrence supports the accuracy of
the calculations.

For the case of linear chains, eq 16 is reminiscent of eq
4 for the elliptical probability distribution. One may apply
the procedure used for that equation to obtain

~ ~ - - @ r n-l
P,(8) d§ = CH-1™A3 dS  x dx [ dBT (2) X
0 0 j=1

-~ - n-1
exp(-2«;S) () exp(iSx._ cos 6){ H'Zi[x_(cos 6+

m#jakm
-1
1) + 12(k; = k)1 % [x_(cos 6 = 1) + i2(x; - Km)]l/z} (17)

Computations were done for bothn =49 and n =71
with the use of subroutine DBLINT.!® The upper limit of
x_ was set to 500, which proved to be sufficiently large from
earlier calculations (see Figure 5). The distributions are
displayed in Figure 6. In analogy with elliptical configu-
rations, circular chains are more compact disks than are
linear chains. The quantities *S and (S) are found to be
0.0255 and 0.0376, respectively, for the linear chain, which
are about 30% larger than those for the circular case. The
quasi-uniaxial compression leading from the most probable
elliptical configurations to disks is observed from both
Figure 4a and Table II. For the linear chain, *S(disk) is
0.0255 while *S,(ellipse) is 0.018, not a large difference.
Both quantities differ conmderably from *§,(0.048) for the
major axis of the most probable ellipse. Configuration
parameters pertaining to both circular and linear chains
are listed in Table II. The empirical normalization con-
stant appears to depend strongly on the structure of the
chain and rather weakly on the chain length.

Disk configurations for linear chains are more compact
than are the elliptical confxguratlons For disks the mean
squared radius of gyration (5%) = 2(S) is found to be
0.0752, which is only 45% of that for ellipses.

Discussion

As observed from Figures 1-4, the shape distribution
functions of 2-dimensional configurations are highly
asymmetric. The distributions are skewed along the S,
axis, and once beyond the highly probable values of S,,
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they decay very rapidly in the direction of increasing and
decreasing S,. The molecules are thus shown to be highly
anisometric.

It is also clear from Figures 2b and 4b that the most
probable configurations for both circular and linear chains
are very compact. Circular chains are likely to have smaller
dimensions than linear ones. For example, the principal
components of the gyration tensor for circular chains are
70% and 83% of those for linear chains at the most
probable configuration of each. For disks, the most
probable configuration for the circular chain is 80% as
large as that for the linear chain. In the highly extended
region, the circular chain is shown to be wider than the
linear. For the most probable configurations, the ratio of
the two principal components for the linear chains is found
to be 2.66:1. It is of interest to compare this result with
averaged dimensions found by Solc* for Monte Carlo
generated lattice chains. In this case, it was found that
(S1):(S9):{8S3) =~ 11.7:2.7:1. The close similarity between
the ratio of most probable components for the two-di-
mensional linear chain and the two smaller averaged
components for the three-dimensional one suggests that
their distribution functions behave similarly and that
fluctuations for three-dimensional chains will also be
quasi-uniaxial.

The distribution function of the gyration tensor varies
rapidly with the chain length for short chains, but it
reaches the large n limit quickly. In two dimensions,

chains with n = 49 beads are virtually at the asymptotic
n —  limit.
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ABSTRACT: The excluded volume effect of macromolecules in the external field, producing a partial orientation
of segments, was estimated by a model calculation. The lattice model with non-self-intersections of the monomers
and with the interactions between the nearest-neighbor monomers was used. The calculations predict maxima
of excluded volume in unoriented systems and a continuous decrease of excluded volume with increase of

any kind of segment orientation.

Introduction

When the behavior of macromolecules in dilute solution
is studied, the O-state, where the repulsive and attractive
parts of long-range interactions compensate each other and
effectively only short-range interactions between two
segments remain, is of great importance. The long-range
interaction is described in terms of the “excluded volume”
for the statistical segment (v,} or for the monomer (v,,).
At the 6-point, v, = v, = 0; i.e., excluded volume effects
disappear.1?

Recently, Lindner and Oberthiir® studied the statistical
behavior of the isolated macromolecule in shear gradient
by means of neutron scattering. The characteristics of the
investigated polymer were measured in the ©-state of the
chosen system. The question as to whether the O-state
determined in the usual manner for the motionless case
remains relevant in a shear gradient initiated this work.

It is only possible to obtain the excluded volume in
analytical form for simple rigid bodies such as a sphere,
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cube, or circular cylinder (see, for example, ref 4, Chapter
5, Table 5.1). For the dumhell model,® a rigid body that
can be considered a first step toward a “pear! necklace”
model of a macromolecule, it is possible to obtain the result
only in numerical form. If we are interested not only in
a rigid body model with a hard-core potential of interac-
tions but also in the attractive interactions of van der
Waals type, the task becomes much more difficult. In the
present work we have therefore chosen a very simple model
that nevertheless contains all the properties of interest in
a simplified form. With the aid of this model we hope to
attain qualitatively a general understanding of the influ-
ence of the (macro)molecular orientation on the excluded
volume effects.

Description of the Model

Our macromolecular mode] is schematically represented
in Figure 1. The infinite macromolecule is placed on the
simple cubic lattice. The length of each elementary cell
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